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1 Introduction
For a positive integer n, let [n] = {1, 2, . . . , n}. LetSn denote the symmetric group on [n]. For an
index i with 2 ≤ i ≤ n− 1, we say that pi ∈ Sn changes direction at i if either pii−1 < pii > pii+1
or if pii−1 > pii < pii+1. We say that pi has k alternating runs, denoted by altruns(pi) = k, if pi has
k − 1 indices where it changes direction. For example, the permutation pi = 1, 3, 2, 4, 6, 5 ∈ S6
has 4 alternating runs. Consider the polynomial
Rn(t) =
∑
pi∈Sn
taltruns(pi) =
n−1∑
k=1
Rn,kt
k.
Andre´ in [1] started the study of permutations enumerated by its number of alternating runs.
Stanley in [8], Canfield and Wilf in [4], and later Ma in [7] found explicit formulae for Rn,k. Wilf
in [9], showed the following result about the exponent of (1 + t) that divides Rn(t).
Theorem 1 (Wilf) For positive integers n ≥ 4, the polynomial Rn(t) is divisible by (1 + t)
m,
where m = ⌊(n− 2)/2⌋.
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Wilf’s proof depends on a relation between the Eulerian polynomials and Rn(t). Later, Bo´na
and Ehrenborg in [3] gave an inductive proof of Theorem 1. Recently, Bo´na in [2] gave a group
action based proof of Theorem 1.
Let Bn be the set of permutations of {−n,−(n − 1), . . . ,−1, 1, . . . , n} satisfying pi(−i) =
−pi(i). Bn is known as the hyperoctahedral group or the group of signed permutations on [n]. For
pi ∈ Bn and an index 1 ≤ i ≤ n, we alternatively denote pi(i) as pii and for 1 ≤ k ≤ n, we
denote −k as k. For pi = pi1, pi2, . . . , pin ∈ Bn, define Negs(pi) = {pii : i > 0, pii < 0} as the
set of elements which occur in pi with a negative sign. Let Dn ⊆ Bn denote the subset consisting
of those elements of Bn which have an even number of negative entries. Dn is referred to as the
demihyperoctahedral group on [n]. For pi ∈ Bn, let pi0 = 0. For an index i with 1 ≤ i ≤ n − 1,
we say that pi ∈ Bn changes direction at i if either pii−1 < pii > pii+1 or if pii−1 > pii < pii+1. We
say that pi ∈ Bn has k alternating runs, denoted as altrunsB(pi) = k if pi changes direction k − 1
times. For example, the permutation 5, 1, 4, 3, 6, 2 has altrunsB(pi) = 5. In Dn, we have the same
definition of alternating runs, that is for pi ∈ Dn, we have altrunsD(pi) = altrunsB(pi). Define
B
>
n = {pi ∈ Bn, pi1 > 0}, D
>
n = {pi ∈ Dn, pi1 > 0 } and B
>
n −D
>
n = {pi ∈ Bn −Dn, pi1 > 0}.
Define the following polynomials:
RBn (t) =
∑
pi∈Bn
taltrunsB(pi), RDn (t) =
∑
pi∈Dn
taltrunsD(pi), RB−Dn (t) =
∑
pi∈Bn−Dn
taltrunsB(pi),
RB,>n (t) =
∑
pi∈B>n
taltrunsB(pi), RD,>n (t) =
∑
pi∈D>n
taltrunsD(pi), RB−D,>n (t) =
∑
pi∈B>n−D
>
n
taltrunsB(pi).
Zhao in [10, Theorem 4.3.2] proved the following type B analogue of Theorem 1. See the paper
by Chow and Ma [5] as well. Later, Gao and Sun in [6, Corollary 2.4] looked at a type D analogue
and considered the two polynomials RD,>n (t) and R
B−D,>
n (t). With m = ⌊
n−1
2
⌋, they showed that
(1 + t)m divides both these ploynomials. We combine their respective results into the following.
Theorem 2 (Zhao, Gao and Sun) For all positive integers n, the polynomials RB,>n (t), R
D,>
n (t)
and RB−D,>n (t) are divisible by (1 + t)
m where m = ⌊n−1
2
⌋.
It is easy to see that Theorem 2 implies that (1 + t)m for m = ⌊n−1
2
⌋ divides the polynomials
RBn (t), R
D
n (t) and R
B−D
n (t). In this short note, we extend the recent group action based proof of
Bo´na and give a short proof of Theorem 2.
2 The sign-flip map and its properties
Let pi = pi1, pi2, . . . , pin ∈ Bn. For 1 ≤ k ≤ n, we define the sign-flipmap as follows:
sgn flipk(pi1, pi2, . . . , pin) = pi1, pi2, . . . , pik−1, pik, . . . , pin.
That is, sgn flipk(pi) flips the sign of all the elements of pi from pik onwards.
Example 3 Let pi = 1, 3, 2, 6, 4, 5 ∈ B6. Then, sgn flip1(pi) = 1, 3, 2, 6, 4, 5. When k = 4, we
have sgn flip4(pi) = 1, 3, 2, 6, 4, 5 and when k = 5, we have sgn flip5(pi) = 1, 3, 2, 6, 4, 5.
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We note some basic properties of the map sgn flipk.
Lemma 4 For all positive integers 1 ≤ k ≤ n, the map sgn flipk is an involution.
Proof: Let pi = pi1, pi2, . . . , pin ∈ Bn. Clearly,
sgn flipi(sgn flipi(pi)) = sgn flipi(pi1, pi2, . . . , pii−1, pii, . . . , pin) = pi
The proof is complete.
We next show that for distinct indices i and j, the maps sgn flipi and sgn flipj commute.
Lemma 5 Let 1 ≤ i < j ≤ n. Then, the maps sgn flipi and sgn flipj commute. That is, for all
pi ∈ Bn, we have sgn flipi(sgn flipj(pi)) = sgn flipj(sgn flipi(pi)).
Proof: We have
sgn flipi(sgn flipj(pi)) = sgn flipi(pi1, pi2, . . . , pii−1, pii, . . . , pij−1, pij , . . . , pin)
= pi1, pi2, . . . , pii−1, pii, . . . , pij−1, pij , . . . , pin
= sgn flipj(pi1, pi2, . . . , pii−1, pii, . . . , pij−1, pij , . . . , pin)
= sgn flipj(sgn flipi(pi)).
This completes the proof.
The proof of the following Lemma is along the same lines as Bo´na’s proof of [2, Proposition
2.3]. We however give a proof for the sake of completeness.
Lemma 6 Let n ≥ 3 and 2 ≤ i ≤ n − 1. Then, one of pi and sgn flipi(pi) has exactly one more
alternating run than the other.
Proof: Let pi = pi1, . . . , pii−2, pii−1, pii, pii+1 . . . , pin. Clearly,
sgn flipi(pi) = pi1, . . . , pii−2, pii−1, pii, pii+1, . . . , pin.
The number of alternating runs in the string pii, pii+1, . . . , pin and its image under sgn flipi, that is
in the string pii, pii+1, . . . , pin are clearly identical. Therefore, we only need to consider the changes
in the four-element string pii−2, pii−1, pii, pii+1 and pii−2, pii−1, pii, pii+1. We break them into 2
3 = 8
cases as follows:
1. If pii−2 < pii−1 < pii < pii+1, then either pii−2 < pii−1 < pii > pii+1 or pii−2 < pii−1 > pii >
pii+1.
2. If pii−2 < pii−1 < pii > pii+1, then either pii−2 < pii−1 < pii < pii+1 or pii−2 < pii−1 > pii <
pii+1.
3. If pii−2 < pii−1 > pii < pii+1, then either pii−2 < pii−1 > pii > pii+1 or pii−2 < pii−1 < pii >
pii+1.
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4. If pii−2 < pii−1 > pii > pii+1, then either pii−2 < pii−1 < pii < pii+1 or pii−2 < pii−1 > pii <
pii+1.
5. If pii−2 > pii−1 < pii < pii+1, then either pii−2 > pii−1 < pii > pii+1 or pii−2 > pii−1 > pii >
pii+1.
6. If pii−2 > pii−1 < pii > pii+1, then either pii−2 > pii−1 < pii < pii+1 or pii−2 > pii−1 > pii <
pii+1.
7. If pii−2 > pii−1 > pii < pii+1, then either pii−2 > pii−1 > pii > pii+1 or pii−2 > pii−1 < pii >
pii+1.
8. If pii−2 > pii−1 > pii > pii+1, then either pii−2 > pii−1 < pii < pii+1 or pii−2 > pii−1 > pii <
pii+1.
In each of the eight cases above, the difference between the number of alternating runs of the four-
element string pii−2, pii−1, pii, pii+1 and pii−2, pii−1, pii, pii+1 is exactly 1. This completes the proof.
3 Proof of Theorem 2
Let n ≥ 3 be an integer. When n is even, let Tn = {3, 5, . . . , n− 1} and letMn = {sgn flipi : i ∈
Tn}.When n is odd, let Tn = {2, 4, . . . , n− 1} and letMn = {sgn flipi : i ∈ Tn}. In both cases,
Mn consists of m = ⌊
n−1
2
⌋ pairwise commuting involutions. Therefore, we get an action of the
group Zm2 on Bn and Dn. For all n, since 1 6∈ Tn, we do not flip the sign of the first element and
so Zm2 also acts on B
>
n and D
>
n . With these set of generators, we note the following properties of
the maps inMn.
Lemma 7 Let i, j ∈ Tn with i 6= j and suppose altrunsB(sgn flipi(pi)) = altrunsB(pi) + 1. Then,
altrunsB(sgn flipj(sgn flipi(pi)) = altrunsB(sgn flipj(pi)) + 1.
Proof: Without loss of generality, let i < j. Let, pi = pi1, . . . , pii−2, pii−1, pii, pii+1, . . . , pij, . . . , pin.
We have
sgn flipi(pi) = pi1, . . . , pii−2, pii−1, pii, pii+1, . . . , pij−1, pij , . . . , pin,
sgn flipj(pi) = pi1, . . . , pii−2, pii−1, pii, pii+1, . . . , pij−1, pij , . . . , pin,
sgn flipj(sgn flipi(pi)) = pi1, . . . , pii−2, pii−1, pii, pii+1, . . . , pij−1, pij , . . . , pin.
As altrunsB(sgn flipi(pi)) = altrunsB(pi) + 1, the string pii−2, pii−1, pii, pii+1 has one more alter-
nating run than the string pii−2, pii−1, pii, pii+1. Thus, we get altrunsB(sgn flipj(sgn flipi(pi))) =
altrunsB(sgn flipj(pi)) + 1. The proof is complete.
The action of Zm2 onB
>
n and D
>
n clearly creates orbits of size 2
m.
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Lemma 8 Let O be any orbit of Zm2 acting on B
>
n . Then, for a non-negative integer a, we have
∑
pi∈O
taltrunsB(pi) = ta(1 + t)m.
Proof: Let pi′ be the permutation in the orbit O with the minimum number of alternating runs,
say a many. Then for i ∈ Tn, we have altrunsB(sgn flipi(pi
′)) = altrunsB(pi
′) + 1. For i, j ∈ Tn
with i < j, by Lemma 7, altrunsB(sgn flipi(sgn flipj(pi
′))) = altrunsB(sgn flipi(pi
′)) + 1 =
altrunsB(pi
′) + 2. Therefore, there are
(
m
2
)
permutations in O with a + 2 alternating runs. Con-
tinuing this way, we get altrunsB(sgn flipi1(sgn flipi2(. . . (sgn flipik(pi
′)))) = altrunsB(pi
′) + k
for i1 < i2 < · · · < ik, where i1, i2, . . . , ik ∈ Tn. Clearly, there are
(
m
k
)
many such elements.
Summing over k, completes the proof.
We are now in a position to prove Theorem 2.
Proof of Theorem 2 : When n ≤ 2, the exponent of (1 + t) is 0 and so there is nothing to
prove. Thus, let n ≥ 3. We first show the result for the type B case. We write B>n as a disjoint
union of its orbits and apply Lemma 8. Doing this, we get RB,>n (t) = (1 + t)
m
∑
pi t
altrunsB(pi),
where the summation is over permutations pi ∈ B>n that have the minimum altrunsB(pi) value in
its orbit. This completes the proof for the type B case.
For the type D case, we make the same moves, while making the following observation: by
our choice of the set Tn, we assert that for each i ∈ Tn, we have |Negs(pi)| ≡ |Negs(sgn flipi(pi))|
mod 2. Therefore, all the permutations pi of any orbit have the same value of |Negs(pi)| (mod 2).
Thus, an orbit lies entirely in D>n , or entirely in B
>
n −D
>
n . Decomposing D
>
n and B
>
n −D
>
n into
orbits O and summing taltrunsD(pi) (and altrunsB(pi)) over each O completes the proof of the other
two results.
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